MINIMAL GENERATORS OF THE DEFINING IDEAL OF THE 
REES ALGEBRA ASSOCIATED TO A RATIONAL PLANE 
PARAMETERIZATION WITH fx = 2 

TERESA CORTADELLAS BENITEZ AND CARLOS D'ANDREA 

Abstract. We exhibit a set of minimal generators of the defining ideal of 
the Rees Algebra associated to the ideal of three bivariate homogeneous poly- 
nomials parameterizing a proper rational curve in projective plane, having a 
minimal syzygy of degree 2. 



1. Introduction 

Let K be an algebraically closed field, and uq(T ,Ti), iti(Xb, Ti), u 2 (T a ,Ti) G 
K[To, Ti] homogeneous polynomials of the same degree d > 1 without common fac- 
tors. Denote with T the sequence T , Ti, set R:= K[T] and/ := (u (T),u 1 (T),u 2 (T)) 
for the ideal generated by these polynomials in R. The Rees Algebra associated to I 
is defined as Rees(I) := ©„>n I n Z n , where Z is a new variable. Let Xq, Xi, X 2 be 
another three variables and set X_ = Xo, X\, X 2 . There is a graded epimorphism 
of -K"[T]- algebras defined by 

m $: K]T\\X] -> Rees(J) 

U X t h> Ui (T)Z. 

Set K, := ker($). Note that a description of JC allows also a full characterization 
of Rees(I) via ([I}. This is why we call it the defining ideal of the Rees Algebra 
associated to I, 

The search for explicit generators of K. is an active area of research in both the 
Commutative Algebra and also the Computer Aided Geometric Design community. 
Indeed, the defining polynomials of I induce a rational map 

0: P 1 -> P 2 

(t :*i) !-> (wo(*o>*i) : ui(*o,*x) : ^(*0)*i))- 
whose image is an irreducible algebraic plane curve C, defined by the zeros of a ho- 
mogeneous irreducible element of K[A , Xi 1 X 2 \ - This polynomial can be computed 
easily by applying elimination techniques on the input parameterization, but it is 
easy to see that the elimination can also be applied on any suitable pair of minimal 
elements in /C, leading to better algorithms for computing invariants associated to 
(j>. This is why finding such elements are of importance in the CAGD community, 
see for instance [SC951 ISGD97I ICSC98I IZCG99I ICGZ00I ICoxOS] . 

A lot of progress has been made in the last years: a whole description of /C has 
been given in the case when C has a point of maximal multiplicity in [CHW08 , 
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Bus09] ICD10] , an extension of this situation to "de Jonquieres parameterizations" 
is the subject of [HS12 . In }Bus09j . a detailed description of generators of K. via 
inertia forms associated to the syzygies of / is done; the case when <f> has an inverse 
of degree 2 is the subject of [CD13 ; extensions to surfaces and/or non planar curves 
have also been considered in [CCL051 ICDIOl IHW101 IKPU09] ; connections between 
singularities and minimal elements in /C are studied in jCKPUlTj . 

The main result of this paper is a complete description of a minimal set of 
generators of the defining ideal of the Rees Algebra associated to / in the case 
when there is a minimal syzygy of I of degree 2 (in the language of /i-bases, this 
means just fi = 2). Our main result is given in Theorems I3.4[[3~7l and l4~4l where we 
make explicit these generators in two different cases: when there is a singular point 
of multiplicity d — 2 (Theorems 13.41 for d odd and 13.71 for d even) , and when this 
situation does not happen (Theorem 14. 4p . The latter situation is just a refinement 
of [Bus09, Proposition 3.2], where an explicit set of generators of IC is actually given. 
Our contribution in this case is to show that Buse's family is essentially minimal: 
there is only one member in the family proposed in that proposition which can be 
removed from the list. 

On the other hand, the situation in the case of having a "very singular point" 
has not been studied before in detail for /i = 2. There is some general evidence 
that the more complicated the singularity, the simpler the description of Rees(i) 
should be, see for instance CKPU11 . The situation for /i = 2 is not an exception, 
indeed from Theorems I3.4ll3~7l and l4~4l we easily derive that the number of minimal 
generators of /C is of the order O (| ) in the case of a very singular point, and 

O (\\ otherwise. Note also that the generators we present in the very singular 

point case are not specializations of the larger family produced in |Bus09] (which 
it was shown in that paper that they are always elements of /C), but they actually 
appear at lower bidegrees. Moreover, we show in Section [5] that in the very singular 
case not all the elements in /Ci,* are pencils of adjoints, as shown also by Buse in 
the other case. 

The paper is organized as follows. In Section[3]we review some well-known facts 
about elements in /C, and focus in the case where the curve C has a very singular 
point. We detect in Theorem 12.101 a special family which is part of a minimal set 
of generators of IC. The rest of the paper focuses on the case fi = 2. In Section [3] 
we show that if the curve has a very singular point, we only have to add one (if 
d is odd) or two (if d is even) elements to this special family to get a whole set 
of minimal generators of IC. This is the content of Theorems 13.41 (d odd) and 13.71 
(d even). Section [4] deals with the case when all the singularities are mild (i.e. no 
multiplicity larger than two). In this case, we show in Theorem 14.41 that Buse's 
family of generators of IC given in |Bus09[ Proposition 3.2] is essentially minimal in 
the sense that there is only one of them that can be removed from the list. 

We introduce pencils of adjoints in Section^ and show in Theorem EH that K% t * 
strictly contains the subspace of pencils of adjoints in the case of a very singular 
point. The other case has already been studied in |Bus09j . The paper concludes 
with a brief discussion of how these methods may not work for larger values of /i 
in Section [6] 
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2. Preliminaries on Rees Algebras and singularities 

By its definition, K, c K[T, X] is a bihomogeneous ideal, and there is a natural 
identification of /C*,i with Syz(7), the first module of syzygies of I. A straightfor- 
ward application of Hilbert Syzygy Theorem shows that Syz(J) is a free i?-module 
of rank 2 generated by two elements, one of T-degree ^ f or an integer /i such 
that < fi < ~, and the other of T-degree d — fj,. In the Computer Aided Geo- 
metric Design community, such a basis is called a /x-basis of / (see for instance 
[CSC98I ICGZOOl ICCL05Q . Indeed, by the Hilbert-Burch Theorem, I is generated 
by the maximal minors of a 3 x 2 matrix ip and the homogeneous resolution of / is 

(3) — > R(-d - /i) ffi R(-d - (d - m)) -A R(-d) 3 {uo ^lf 2) 7 -> 0. 

This matrix is called the Hilbcrt-Burch matrix of / and its columns describe the 
jit-basis. In the sequel, we will denote with P M ,i(T,A), Qd-tM,i(T->2Q G a 
(chosen) set of two elements in Syz(J) which are a basis of this module over R. 

Set u(T_) := (uo(T), U\(T), u 2 (T_)) for short. An easy characterization of K, is 
the following: 

(4) P(T,X) G £^ bideg(P(T, X)) = (t,j) and P{T,u{T)) = 0. 

All along this paper we will work under the assumption that the map <f> defined in 
(|2j is "proper" , i.e. birational. If this is not the case, then by Liiroth's Theorem one 
can prove that <fi is the composition of a proper map <fi : P 1 — > P 2 with a polynomial 
automorphism p : P 2 — > P 2 , and our results can be easily translated to this case. 

The following statements have been proven in }CD13j . We will use them in the 
sequel. 

Proposition 2.1. / {CD13| Section 1 and Lemma 3.10],) Let <f> be as in ([2]) be a 

proper parametrization of a rational plane curve C, and let TnBp(X) — Tj Ap(X) 6 
K.\^ a non zero element. Then, the map 

ip: C — > P 1 

(x a : x 1 : x 2 ) H> (A e (x ,x 1 ,x 2 ) : B e (x ,x 1 ,x 2 )) 

is an inverse of <j). Moreover, the singularities of C are contained in the set of 
common zeroes of \Ap(X), Be(X_)} in P 2 . Reciprocally, any inverse of (f> induces 
a non zero element in ICi^i via the correspondence shown above, with £ being the 
degree of the polynomials defining 

Denote with £d(X) the irreducible polynomial of degree d defining C, it is a 
primitive element generating 1C flK[X], Note that it is well-defined up to a nonzero 
constante in K. 

Proposition 2.2. ( [CD 131 Proposition 4.1]J Suppose TqF^X) - TiJ^QQ G 
fCi^o for some k G N. Then, Gjj (T, X) G Kij if and only ifd j (X), J 7 ^ (X), X) 
is a multiple of £d(X). 
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Theorem 2.3. flCD13| Theorem 4.6}) Let u {T), Ui(T), u 2 (T) e K[T] be ho- 
mogeneous polynomials of degree d having no common factors. A minimal set of 
generators of K, can be found with all its elements having T_-degree strictly less than 
d — except for the generators of /C* i with T_-degree d — fj,. 

2.1. Curves with very singular points. 

Definition 2.4. Let /j, be the degree of the first non-trivial syzygy of I . A point 
P = {Po '■ Pi '■ P2) G C in is said to be very singular if multp(C) > /i. 

The following result is an extension of [CWL081 Theorem 1] . Recall that we have 
fixed a basis of the K[Jf]-module Syz(J) which we denote with {P /t 1 (T, X), Qd-p,,\{T_, X)}. 

Proposition 2.5. A rational plane curve C can have at most one very singular 
point. If this is the case, then after a linear change of the X_ variables, one can 
write 

(5) p»AZ,2Q = pI(t)x - pi {T)x 1 . 

Reciprocally, if 2/i < d and after a linear change of X_- coordinates P /t[ i (T, X) has 
a form like ([5]), then C has p = (0 : : 1) as its only very singular point. 

Proof. The first part of the claim follows directly from |CWL08( Theorem 1] . For 
the converse, note that if P,u,i(P,X) is like ([5]), then by computing u(T_) from the 
Hilbert Burch matrix appearing in we will have 

MX.) = pl{T)q{T), 
{) MT) = pl{T)q(T), 

for a homogeneous polynomial q(T) G K[T] of degree d—fi > \i. Hence, the preimage 
of the point P = (0 : : 1) has d — fx values counted with multiplicities (the zeroes 
of <z(T)), and so we get multp(C) > pi. □ 



Remark 2.6. Note that if G has (0:0:1) as a very singular point, then 

(7) e d (X)=£d,o(Xo,X 1 )+£ d , 1 (X ,X 1 )X 2 + ... +£ d ,d-^X ,X 1 )X^ 

with £d,i(Xo, Xi) € K[.Xo,Xi], homogeneous of degree i, and T>d,d-n(Xo, X\) ^ 0. 

The syzygy P /tj i (T, X) in ([5|) is called an axial moving line around P in [CWL08 . 
The following result is well-known, and will be used in the sequel 

Proposition 2.7. Let a So (T), 6 So (2I) G K[T] homogeneous of the same degree so 
without common factors. Then, (a So (T_), b So (T)) s — K[T] S for s > 2sq — 1. 

Proof. By hypothesis, the classical Sylvester resultant of a So (T) and b S[) (T) (for its 
definition, see for instance [CLO07 ) is not zero, and moreover from the Sylvester 
matrix which computes this resultant, we can get a Bezout identity of the form 

K -i(T)a S0 (T) + K -i(Z)K(T) = ResT{a S0 (T), b S0 (T)) igl?' - 1 -' 

for j = 0, 1, ... , 2s Q — 1. This shows that (a So (T), b So (T)) 2so _ 1 = K[T]2 So -i, and 
the rest of the claim follows straightforwardly from here. □ 

Several of the proofs in this text will be done by induction on degrees. In order 
to be able to pass from one degree to another, we will apply a pair of operators, one 
which decreases the degree in T and another which does it with X_. Recall from §5§ 
that we have P /t , 1 (T,20 = pJCD*o -p^Xx. 
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Definition 2.8. IfGij(T,X) G K[T,X]ij, urai/i i > 2/j, - 1, tten write 
G id (T,X) =pl(T)G° i _ flJ (T,X) + P l(T)Gl f2 jT,X), 

and set 

V T (G id (T,X)) := X Q Gl^(T,X) +X X G]_^(T,X) € K[T,X}^^ +1 . 
IfGi,j{I_,X) € K\T,X] itj n (X Q , Xi), tten «)riie 

Gij{T,X) = X Cl G c lj_ 1 (T,2C) + X 1 Gl J _ 1 (T,]C), 

and set 

Vx{G id (T,X)) ^plimh-ii^Xj+p^mGl^i^X) e K[r,Xji +/t) j_i. 

Note that both operators are in principle not well defined as the decomposition 
of Gi t j(T_, X) given above is not necessarily unique. In the next proposition we 
show that it is actually well defined modulo P y , ^ (T, X). 

Proposition 2.9. both T>T(Gij(T_,X_)) and V\ (Gj j(T, X)) are well defined mod- 
ulo P^.i{T_, X). Moreover, the image of T>t lies in the ideal (Xo, X\), and 

(8) V x (V T (G id (T,X))) =G itj (T,X) mod P M ,i(T,X). 

In addition, if Gij{T_,X) £ JC, then both DriGj j(T \ X)) and Dx(Gj j (T, X)), 
when defined, are also elements of IC. 

Proof. Consider first Vt, so it is enough to show that if i > 2fj, — 1 and 

(9) P°(T)Gl^(T,X) +pl(T)Gl^(T 1 X) = 0, 

then X G {) i _ ti j {T,X)+X 1 G\_^ j {T,X) is a multiple of P M ,i(T, X). But from ©, 
we get 

Gl^(T,X) = -p^H^AZX), 
with Hi^ 2fi ,j{T,X) G K[T,X], and hence 

JfoG?- M j (T, 20 + XiG}-^ (T, X) = P M (T, X) H(T, X). 

The proof of the claim for T>x and for the composition T>x oVt follows analogously. 

To conclude, suppose G id (T,X_) £ K, with i > 2/x — 1. Due to ((U, this is 
equivalent to having 

GiAT,u{T))=pl{T)Gt^(T,u{T)) + pI{T)G\_^{T,u{T)) = 0. 

From here, by using ([6]), we get immediately that 

®t (Gij (X, 2D) Ixm-uCt) = 9© (P^©G?- Mli ^li®) +Pl(T)Gl^{T,u(T))) = 0, 

which shows that V T (G lJ (X, T)) e JC, again by gj) . The proof for D x (C?^- (T, X)) 
follows analogously. □ 
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2.2. Elements of low degree in K. We will assume here that [i < d — fi, and 

set d = kfi + r, with fc G N and — 1 < r < /x — 1, i.e. fc and r are the quotient and 
remainder respectively of the division between d and fi, except in the case when 
d + 1 is a multiple of \x. 

With this information, we will produce minimal generators of Rees(I), in the 
case where the curve C defined by the generators u(T) of I has a very singular 
point, which we will assume w.l.o.g. that it is P = (0 : : 1). 

We start by setting 



F^iiZX) := P»,i(T,X), F (k „ 1)M (T,X) := Q d -^i{T,X), 



a basis of the syzygy module of /. Note that we have (k — + r = d — fi. 

Now for j = 2, ...,k — 1 we will define recursively F^ k _^ ll+r j(T, JQ G /C as 
follows: 



(10) 



Note that we can apply the operator T>t to these polynomials as their T-degree is 
(k — j + l)fj, + r > 2fj, — 1. Also, we have to make a choice in order to define each 
of these polynomials, but we know that they are all equivalent modulo F n ^ (T , X) 
thanks to Proposition 12.91 



Theorem 2.10. 

(1) For each j = 1, . . . , k — 1, F( k -j)n+r,j(H, 20 G an d it is not a multiple of 
F^i^T, X). In particular, it is not identically zero. 

(2) Up to a nonzero constant in K ; we have 

ResT(F^(T,X), F {k _ j)li+rd {T,X)) = 8 d {X), j = 1, 2, . . . , k - 1. 

(3) // Gi t j(T_, X) G /Qj with i + fij < d, then Gij(T_, X_) is a multiple of 
F»,x{T,X). 

(4) The set of k + 1 elements 

(11) {£dQO, F^{T,X), F^+r^iZX), F 2 ^ +rtk _ 2 {T,X),...,F d ^ tl {T,X)} 
is part of a minimal system of generators of /C. 

Proof. 

(1) By induction on j, the case j ' = 1 being obvious. Suppose then j > 1. Due 
to Propositon 12.91 we know that 

Note also that by construction, we have straightforwardly 

-Xi-F(fc-(3-l))/i+r,j-l(X)2D - Pfi{T)F(k-j)v+r,j(T,K) G C^iCLS)- 

If F( k _j- )f t +r j(T,2L) is a multiple of F Mi i(T,X), then as the latter is ir- 
reducible, we would then conclude that F(fe_(j_i)) ; ,-|_ r j_i (T, X) is also a 
multiple of this polynomial, which again contradicts the inductive hypoth- 
esis. 

(2) Clearly Resr (i^,i(T,X), F ik _ j)fl+r!j (T,X)) € K[X]. Moreover, an ex- 
plicit computation reveals that the X-degree of this resultant is equal to 
k[X + r = d, which is the degree of £d{20- So, it must be equal to \£d{2Q 
with A G K. If A = 0, this would imply that both {F Mj i(T, X), F {k _ j)fi+rJ (T, 
have a non trivial common factor in K[T, X]. But F^ -x (T, X) is irreducible, 



GENERATORS OF THE REES ALGEBRA OF A PARAMETERIZATION WITH n = 2 7 



and we just saw in (1) that F(k^j) r + r j (T, X) is not a multiple of it, which 
then shows that the resultant cannot vanish identically, so A 0. 

(3) We have 

ResT {Ffi, i (T, 2L) i G itj (T,X)) = E d {X) a^ j+i . d {X), 
so in order to have this resultant different from zero, we must have < 
fij + i — d, contrary to our hypothesis. Hence, the resultant above van- 
ishes identically, and due to the irreducibility of F^ -i (T, X), we have that 
Gi,j(2^_,X_) must be a multiple of it. 

(4) Clearly F ll i(T_,X_) is minimal in this set, so it cannot be a combination of 
the others. Also, the family 

{F^+r,k-l(T,2Q, F2 f j,+r,k-2(T,2Q, ■ ■ ■ , Fd-^,1 (T, X) } 

is pseudo-homogeneous with weighted degree deg T deg x = d (i.e. all 
the exponents lie on a line) . This shows that none of the elements in this 
family can be a combination of the others, and as we have seen in (1), none 
of them is a multiple of F fii i(T_,X_), so this is a minimal set of generators 
of the ideal they generate. To see that they can be extended to a whole 
set of generators of IC, consider the maximal ideal 9JI = (T, X) of R. The 
pseudo-homogeneity combined with (1) and (3) implies straightforwardly 
that the family (fTl]) is K-linearly independent in the quotient /C/9JI/C. By 
the homogeneous version of Nakayama's lemma (see for instance BH93 ( 
Exercise 1.5.24]), we can extend this family to a minimal set of generators 
of IC. This completes the proof. 

□ 

Remark 2.11. If /j, = 1, then one can take k = d or k = d+1. If we choose k = d, 
then it is easy to see that the family actually specializes in the minimal set of 
generators of K, described in [CD13[ Theorem 2.10]. So, this construction may be 
regarded somehow as a generalization of the tools used in [CD 13 for the case fj, = 1. 



3. The case /i = 2 with C having a very singular point 

3.1. d odd. In this case, we will show that the family given in Teorem [2.101 (4) is 
"almost" a minimal set of generators of IC. We only need to add one more element 
of bidegree (1, ^r-) to the list in order to generate the whole JC. Suppose then in 
this paragraph that /i = 2, and d = 2k — 1, with k £ N, k > 2 (otherwise /i = 1). 
Note that in this case, there is a form of T-degree one in (|11[) . We will define an 
extra element in /C by computing the so called Sylvester form among Fi^.-i (T, X) 
and -F2.1GZL X_). This process is standard in producing nontrivial elements in IC, see 
for instance [BJ031 IBus091 ICD101 ICD13] : 

• Write F 2A (T,2Q = T G l , 1 {T,2Q+TiH 1A {T,JC),withG 1A (T,X), H 1A {T,X) e 
K[T, X], Note that this decomposition is not unique. 

• Write Fi, fc _i(T,2Q = TaF^X) - TiJj^QQ, with P k _ x {X) £ K[X], 
homogeneous of degree d — 1 . 

• Set 



(12) F hk (Z,X) := F°_ 1 {K)Gi, 1 (T, X) + T\_ 1 (X_) Hi , 1 (T, X) 
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The following claims will be useful in the sequel. 

Lemma 3.1. Fi k(T, X) G /Ci,fc \ {Fi, k -i{T_,2L))i i n particular it is not identically 
zero. 

Proof. By construction, we have 

F hk (H-i(X),n-i(2L),X) = F 2 , 1 (J^_ 1 (X),^ 1 k _ 1 (X),X) 

= ±ResT(F 2 ,i{T,X),F 1 , k - 1 (T,X)) = ±£ d {X), 

the last equality due to Theorem 12.101 (2). By Proposition 12. 2[ we then conclude 
that Fi jc(T_, 2Q G /Ci ; fc , and it is clearly nonzero. Moreover, as both Fi tk (T,2L) an( i 
F hk -i(T,X) have degree 1 in T, the fact that Fi^T^QQ, H-iQQ, x ) + 
implies that they are K- linearly independent, and from here the rest of the claim 
follows straightforwardly. □ 



Lemma 3.2. F± tk (T,JC) G (Xq,Xi), and modulo F 2t ±(T,X), we have 
(13) D x (F hk (T,X)) G (F lik ^(Z20)- 

Proof. Write as before F 2 ,i(T,X) = T G hl (T,X_) + T-^Hi^T, X_), and note that 
as F 2A (T,X) G K\T,X ,X{\, we then have G M (T,20 = G h x(T, X ,Xi) and also 
Hi,i(T,X) =Hi,i,(T,X ,Xi). From the definition of F hk (T,X) given in ([12]), we 
get 

F ltk (T,Xj=J^_ 1 iX)G ltl (T,X ,X 1 ) + ^l_ 1 (JQH hl (T,X ,X 1 ) G (X ,*i), 

and a choice for Dx(Fi k (T, X)) is actually 
(14) 

D x {F x , k (T,X)) = ! (X) Gi, i (T, (T) , p? (T) ) + ! (X) ITi,! (T, p° (X) , (X) ) 

From the definition of F?.^ (T, X) — F 2t i(T_,Xo,Xi) we get immediately that 

F 2 ,i(T, p 2 (T),pl(T)) = = T G ltl (T,pl(T),pl(T)) +T 1 H 1 , 1 (T,p° 2 (T),p 1 2 (T)), 

so we conclude that there exist q 2 (T) G K[T] homogeneous of degree 2 such that 

Gi,i(T,pi(T),p|(X)) = T iq2 (T), 
HiAT,P° 2 (T),p\{T)) = -T Q q 2 (T). 

Replacing the left hand side of the above identities in (|14[) . we get 

Dx(F lik (T,X)) = (TiH-iiX) -ToTl^X^T) G (*U_i(T,20>, 
which concludes the proof of the claim. □ 

Lemma 3.3. The set 

{£ d QQ, F ltk ^{T,X), F hk (T,X), F 2<1 (T,JQ, F 3tk _ 2 (T,2Q,..,,F 2{k _ 2) _ hl (T,X)} 
is contained in the ideal (Xq,Xi). 

Proof. Each of the -F2(fc-j)~i j : (2L 20 1S actually equal to -Dj_(-F2(fc-j+i)-i.j-i (21; X))., 
which by definition of this operator, its image always lies in {Xq,Xi}. 

The claim for F 2>1 (T,X_) follows from its definition in ([5]), and for F ljk (T,X) 
from Lemma [Sill To conclude, due to ([7]), we also have that £d(2Q(Xo, X\). □ 

Now we are ready for the main result of this section. 
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Theorem 3.4. Suppose /i = 2, d = 2k — 1 iwi/j k > 2 and £/ie parametrization 
4> induced by the data u(T) being proper with a very singular point. Then, the 
following k + 2 = polynomials form a minimal set of generators of K, : 

F := {£ d (X), F 2tl (T,X), F 2{k _ 1) _ hl (T,2Q, . . . , Fi,*-i(T,X), F 1<k {T,X)}. 



Proof. Theorem 12.101 shows that the family F \ {F\^ k (T_, X)} is a set of minimal 
generators of the ideal that generates it. Lemma 13.11 combined with the pseudo- 
homogeneity of the elements in this family, show that by adding -Fi,ft(T>X) to the 
list, we still get a minimal set of generators (of the ideal generated by the whole 
family). 

Let us show now that F Q generates /C. Due to Theorem 12.31 it is enough to 
consider Gi.j(T_,2L) G JC of bidegree (i,j) with i < d — \i. We will proceed by 
induction on i. 

• If i = 0, as £d(X_) generates K, n K[X], the claim follows straightforwardly. 

• If i = 1, by Proposition 12. 2[ we have 



G h] (T° k -i(2Q,n-i(20,x) = s d (JQAi-kUO, 

with Aj-k(X) £ K[2Qj- k - Then, it is easy to see that 

ResT(G ltj (T,X)-^o-k(20F ltk (T,2L), F 1 ^ 1 (T,X)))=0 

by evaluating the first polynomial in the only zero of the second. But this 
implies that 

Gij(T,X) - Aj- k (T,X)F ltk (T,X) G lC ltj n (fU-i(T,X)>, 

• For i = 2, we compute ResT{G 2J {!_, X), F hk _i(T, X)) to get £ d (X) Aj-i{X), 
with Aj-i (X) <E K[X]j_i . By reasoning as in the previous case, we get 

G2,j{T,X) - Aj-i(X)F 2 ,i(T,X) G K, 2 ,j n (F 1 , k - 1 (T, X)), 

as this polynomial also vanishes after the specialization T i— > J- f ._ 1 (X). 

• If i > 3, then we can apply T>t to Gij(T,X) and get, by Proposition 12.91 
^T{Gi t j(T_,X)) G /Q_2j. Now we use the inductive hypothesis and get the 
following identity where all elements are polynomials in K[T,X] : 

(15) 

Cr(GyffiD) = ^dLiD&QO + B(T,X)F hk {T,X) + C{T,X)F 2A {T,X) 

+ El<2(i-Bi)-Ki-2 An(2L=K)^2(fc-m)-l,ro(2L=K)- 

Due to © , we have that (T, X) = 2?x (T>t (G l . J (T, X))) modulo F 2 ,i(T, X) , 
and thanks to Lemma T3. 31 we can apply Dx(-) to each of the members of 
the right hand side of ()15[) . We verify straightforwardly from the definition 
given in (TTU1) that 

'Dx(F2(k-m)-l,m(T,Xj) — i*2(fc-m+l)-l,m-l (21: X), 

and then get the following identity modulo F? i (T, X) : 

Gij(T,20 = ^(r,X)P x (f (i (X))+B(T,X)P x (F 1 , fc (T,X)) 

+C(T, X)2?x (F 2 ,i (T, 2Q) + Ei<2( t - m) -i< ! -2 An(T, X)£>* (F 2(fe _ m) _ x , m (T, X)) 

= A(T,X)£>x(£d(XJ) + B(T,X) J Fi, fe _i(T,X)+ 

El<2(t-m)-Ki-2 An (X> 2Q-^2(A-m+l)-l,m-l (2L X), 
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where the last equality holds thanks to (|13[) . The claim now follows straight- 
forwardly from this identity by noting that T>x(£d(X)) G lC 2< d-i, and that 
we just proved (this is the case i = 2) that this part of /C is generated by 
elements of F Q . This concludes the proof. 

□ 

3 

(0, 2k - 1) 



(l.fc) 
* (1, fe - 1) 



(2k - 5, 2) 

(2, 1) " " ' (2k - 3, 1) 

i 



Example 3.5. For k > 3, consider 

uo(To,Ti) = T<f-\ ui(T ,Ti) = T™- 3 T?, u 2 (T ,T 1 ) = if*" 1 . 
These polynomials parameterize a curve of degree 2k — 1 with fi — 2 and 

T2 "V rri2 \ T rjilk — 3 V" rri'2/i' — 3 V" 

1^0— J A 1' J l A 1~ J A 2 

as /i &as«s. 27ie minimal system of generators of K, given in Theorem \3.4\ is in this 
case 

£(x) = xf- 1 - x$ k ~ 3 xl, 

F 2 , 1 (T,X)=T?X -T$X 1 , 

Z7 1 ST 1 V\ EP rji'2k. — 3 V rrtlh — 3 V 

^d-2,lU_, AJ — -f2(fc-l)-l,l — J-l A l — J A 2, 
^2(fe-j)-l,jU_, AJ — A l — J A A 2 



■2(k-j)-l,jM 

Fi,n(T,i) = TiA-f- 1 - T Xt 2 X 2 
Fi, k (T,X) = T X? - T 1 X*- 1 X 2 . 



3.2. d even. We will assume here that d = 2k, with k > 3 and that ji = 2. In this 
case, the family in Theorem 12. 10( 4) explicits as 

{£ d (X), F 2A (T,X), F 2 ^ 1 (T,X), F i<k _ 2 (T,20,...,F 2(k _ 1)tl (T,X)}, 

and note that there are not generators of degree 1 in T. We will produce two of them 
by making suitable polynomial combinations among F 2! i(T,X) and F 2j k-i(T_, X_) 
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as follows: Write 

nfi s F 2A (T,X) = T$J^(X) + TfFl (X) + TqT^QQ 

{10) F 2t k-i(T,2L) = T%M\_ X {X) +T*Ml_ x {X) +T T 1 M%_ 1 {X), 

and define F® k (T_, X) and F x k (T,X_) via the following identities: 

n? s Ml_ 1 (Z)F2 A (T,2Q-J*(2QF 2 ^ 1 (T,X) = T.F^X), 
[ ' ^LitDfydD-JjlDft^idl) = T Fl k (T,X). 
We write 

(18) 



Fi k {T,X) = To^QQ-r^QO 

Proposition 3.6. 

(1) Fl k {T,X) G fci, fc n (X , X!), /or i = 0,1. 

(2) J7p to a nonzero constant in K, 

J%°mr?m - ^ 1 k °m^ k 1 (2Q = JZe^(i?, fc (£20, J^(£2Q) = £ d {X). 

(3) {Fl k (T,X), Fl k (T,X)} is a basis of the K[X]-module JCi tk . 

(4) Modulo F 2)1 (T,X), D x {Fl k {T,X)) G (F 2t k-i(T, X)) fori = 0,1. 

Proof. 

(1) Follows straightforwardly from the definition of F^ k (T[,X_) given in (IT71) . 
by taking into account that both F 2 ^i(T_,X_) and fb^—i (T, 20 are elements 
of /Cn (X ,Xi). 

(2) The fact that Res 21 (F 1 fc (T, X), F x k (T, X)) coincides with F k '° (2QF k 1 {2Q ~ 

(JQF®' 1 (X_) follows just from the definition of Resy and (TT5)) . As both 
Fl, k (T, X) G /C, i = 0, 1, it turns out then that ResT(F 1 ° fe (T, X), (T, X)) 
must be a multiple of £AX). Computing degrees, both polynomials have the 
same degree 2k = d, then the resultant actually must be equal to A £AX). 
To see that A =^ 0, it is enough to show that the forms F[ fc (T,X) are K- 
linearly independent as they have the same bidegree. Suppose that this is 
not the case, and write Aoif^^X) + AiF 1 1 fc (T,X) = with A , Ai G K, 
not both of them equal to zero. We will have then, from (fTTj) : 

(\oToMl_ 1 {X)+X 1 T 1 M 1 k _ 1 (2L))F 2 AT,X) = (\oT F°(X)+XiTiFl(X))F 2 , k -i(T,X) 



From Theorem [2T0] (2), we know that F 2 ,i(T,X) and F 2 , k ~i{T 1 X) are 
coprime, so an identity like above cannot hold unless it is identically zero, 
which forces Ao = Ai = 0, a contradiction to our assumption. 
(3) The K[X]-linear independence of the family {F° k {T,2Q, Fl k (T,X)} fol- 
lows from the fact that their T-resultant is not zero, which has been shown 
already in (2). So, it is enough to show that any other element in K,\^ 
is a polynomial combination of these two. Let G\j(T,2L) = ToQj(X_) — 
Ti Qj (X) G fCij. Then, as before, we have that 

ResT(F 1 ° fe (T,X),Gi, i (T,X)) = £ d (X)7V fc (X), 

with Vj_ k (X) G K[X]j_fc. Note that this immediately implies j > k. Set 
now 

Gi,j(T,X) := G hj (T, X) - P 3 _ k (X) F} k (T , X) G K[T,X] hr 
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It is then easy to show that Resr_( F® ,,(T , X), G*i j(T_, X)) = 0, which im- 
plies that Gi.j(T_,X_) € (F^ k (T,2Q), an d so we get immediately from the 
definition of G\,j (T, 2Q given above that G 1:j (T,X) <= (F^ k (T, 20 , F^ k (T, X) }. 
(4) First note that, because of what we just proved in (1), the operator T>x 
can be applied to F^ k (T_,X_) for i = 0,1. Also, it is immediate to check 
that the polynomials J^(X) and J 7 } (X) defined in ((T6|) actually belong 
to KLYo,Xi]. So we can actually apply T>x to both identities in (|T"7|) and 
define T>x{F{ k (T,JQ) in such a way that 

-^i (^(T),P 2 (T))^, fe -i(7:,A:) = ^^(^(^X)), 
-FHP2(T),P 1 2 m)F2,k-i(T,X) = T Q V x {Fl k {T,X)). 

Note that -F2,fc-i(2L20 cannot not have any proper factor. Indeed, by 
Theorem l2.10[ it belongs to a subset of a minimal generator of the (prime) 
ideal /C. This shows that T t divides -^](p^(T),p^(T)) for i = 0, 1 and hence 
ZMi^e:.*)) G (i^k-i (T,20) for t = 0, 1. 

□ 

Now we are ready to prove the main theorem of this section. Note just that if 
n = 4 and /i = 2, if there is a point of multiplicity strictly larger than /x, then it is 
a triple point and that forces fi = 1, a contradiction with our hypothesis. 

Theorem 3.7. Suppose \i = 2, d = 2k with k > 3 and i/ie parametrization being 
proper with a very singular point. Then, a minimal set of generators of K, is the 
following set of k + 3 = polynomials 

F e := {£ d (X), Fl k (T,X), Fl tk (T,X), F 2tl (T,X), F 2ik ^(T,X), ■ ■ ■ , F a(fc _ 1)l i(T > 2Q}- 

Proof. The proof follows the same lines as the proof of Theorem l3.4l To begin with, 
Theorem 1 2 . 1 01 combined with Proposition I3.6f 3) show that F e is a minimal set of 
generators of an ideal contained in /C. In order to see that they are equal, we will 
proceed again by induction on the T-degree of the forms, the case i = follows 
analogously from the proof of Theorem 13.41 For i = 1, the claim has been proven 
in Proposition 13. 6f 3). 

Suppose then i = 2, and write G 2 ,j G /C2,j as 

G2, j {X.,X) = T^{X) + T%Q}{X) + ToTiSJQQ, 

Recall the notation we introduced in (|16l) and write 

G?(X)F 2<1 (T, X) - J^(X)G 2J (T,X) = T\ H ltj+1 (T,X), 
0?QOF a>fc _ 1 (T ) 2O - Mg_i(20G a j(T,20 = 7i J^.^&X), 

so we get 

(19) M° k _ 1 (X)g^2QF 2 , 1 (T,X) - J^(X)g^(X)F 2 , k ^(T,X) = T t H^ j+k (T,X) 

with H 1J+1 {T,X), ff 1 * J+)b _ 1 (r,X) ) H^.+^T.X) e /Ci,*. By Proposition H3), 
we know that /Ci,* is generated by (F® k {T, X), F^ k (T_, X_)) , so we have 

H hj+1 (T,X) = a^ k+1 (X)Fl k (T,X)+l3^ k+1 {X)Fl k (T,X), 
(X, 20 = « ** (T, 20 + /3j* (X)Fl k (T, X) . 
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Note that 

(20) a**(X) = Ml_ x (X) aj-k+iQQ - jftX) a^X). 
From (fTT|). we deduce 

Gj(2Q(M° k _ 1 {X)F2 A (T,X) -J^{X)F2,k-i(T,X)) = T x e°(2QF° fe (T, X). 

By substracting this identity from (|19|) , and using the obvious fact that F® fc (T, X ) 
and F^ k (T_, X_) are linearly independent, we deduce that 

(21) G°(X) = af(X) = Ml^(X) cy-jH-iQQ - J?QQ «j-i(20, 
the last equality is (j2"01) . So, by setting 

G 2j (r,20 := G 2ji (T,2Q - a J -_ )t+ i(X) J F2,fc-i(T,X) + a*_ 1 (X)F 2) i(T,X), 

due to ([21]), we easily deduce that G 2 j = T±Glj(T, X), with G* ld (T,X) € /Cij. 
Again by Proposition^!]^), it turns out that G M (T,X) e (F^ k (T_,X), Fl k (T,X)) 
and hence G 2J (T,X) e (^(T.JQ, F^ k (T,X_), F 2)1 (T,X), > 2 , fe _ 1 (T,X)) which 
proves the claim for i = 2. 

If i > 2 we proceed exactly as in the proof of Theorem 13. 4[ and we only have 
to verify that T> x (F° k (T, X)) and V x {F^ k (T_,X) belong to the ideal generated 
by F e . But this follows immediately from Proposition 13.61 (4). This completes the 
proof of the Theorem □ 

3 

(0,2k) 



.. (1 ' k) 

(2, k - 1) 



(2k - 4, 2) 

(2, 1) ' " " " (2k - 2, 1) 
^ i 



Example 3.8. For k > 3, consider 

u (To,Tx) = T 2k , uxiTo.Tx) = T 2k - 2 (T 2 +T T 1 ), u 2 (T ,Ti) = T 2k - 2 (T 2 +T T 1 ). 
These polynomials parameterize properly a curve of degree 2k with fi — 2 and 

(T 2 + T o T x )X - T 2 X X , Tl k - 2 X X - T 2k - 2 X 2 
as fi basis. Indeed, by computing the implicit equation, we get 

^ >X> = X?-* [ V ( *" n ~ ')x 2k ^- 2 (X 2 + iXoXi? ) X lX2+ Xl k - 2 X 2 
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4. Curves with mild multiplicities 

Now we turn to the case where there are no multiple points of multiplicity larger 
than 2. In this whole set of generators of K, has been given in p3us09 ( 

Proposition 3.2], and our contribution will be to show that this set is essentially 
minimal in the sense that there is only one element which can be removed from the 
list. 

We start by recalling the construction of Buse's generators. In order to do this, 
some tools from classical elimination theory of polynomials will be needed. As 
in the beginning, our /i-basis will be supposed to be a fixed set of polynomials 
{P2,i(T_,X_), Qd-2,i(T_, 20}- Recall that in this situation, we now have 

(22) P2AZ,X) = T 2 L°(X) + T*L\{X) + T T\L*{X), 

with Vjp2 (L\(X), L\(X), L*(X)) = 0, in contrast with the previous case where this 
variety was the unique point in C having multiplicity d — 2 on the curve. 

4.1. Sylvester forms. For v = (v , Vi) 6 {(0,0), (1,0), (0,1)}, write 

P2AZ,X) = Tt +v °P?% tl (T,X)+Tl + ^P^ ■ 
Q d -2,x{T,X) = T^Q^^^Q + Tl^Q^^^JQ, 

and set 

eK[T,X] d _ 2 _ N , 2 . 

It is easy to see (see also |Bus09] ) that these polynomials are elements of IC, well 
defined modulo lC* t i. Note also that one has the following equality modulo /C*^: 

(24) A°'°{T,X) - T A (1 ' 0) (Z, 20 = T^'V&X), 

which essentially shows that these elements are not independent modulo K,. These 
forms are called Sylvester forms in the literature, see for instance I Jou97l [CHW08 , 
IBus09j . 



(23) A^(T,X) := 



Pl'-- Vl AT,X) 

Ql'zs.^X) 



4.2. Morley forms. Now we will define more elements of JC of the form A 3L (T, X), 
for 2 < \v\ < d — 1. In order to do that, we first have to compute the Morley form 
of the polynomials Po ,t(T< X) and Qd-2,i(T,2Q, as defined in |Jou97| lBus09j . as 
follows: introduce a new set of variables S_ = Sq, Si, write 



P2.i(T,X)~P 2A (S,X) 
Qd-2,i(T,X) - Q d -2,i(S,X) 



P°{S,T,X)(T -So) 
Q°(S,T,X)(T - So) 



P'&ZJQin-S!) 
■Q^S^JQiTt-Si) 



and define the Morley form of ^lCZ^iQ and Qd-2,i{T_, 2Q as 



Mor(,£,T, X) 



P°(S,T,X) PHS'T^X) 
Q°(S,T,X) Q\S,T,X) 



Due to homogeneities, it is easy to see that we have the following monomial expan- 
sion of the Morley form: 



(25) 



Mov(S,T,X)= F l 

\v\<d-2 



2-\v\,2 



(T,X)S^ 
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with Ff_ 2 _,. 2 (T,2Q £ K[T,X]( d _ 2 _|^| i2 ). It can also be shown (see for instance 
[Jou97j or |Bus09j ) that the elements Ff_ 2 _,, 2 (T,X) are well defined modulo the 

ideal generated by P 2 ,i(ZK) - P 2 ,i(£,2Q and Q d - 2 ,i(Z,2Q~ Qd-2,i(S, X). 

To define nontrivial elements in K,, we proceed as in |Bus09| Section 2.3]: Fix 
i, 1 < i < d — 2 and let Mj be the (d — 1 — i) X (d — 2 — i) matrix defined as follows 

/ L\{X) ... F^ 2 ^ fi) {T,X) \ 

L1(X) L\{X) ... F^-^&X) 

M _ L\(X) Lt(X) L?(X) ... F^- l ^(T,X) 

V ... L\{X) F% d - 2 - l) (T,T) ) 

By looking at the last column, we see that the rows of M.j are indexed by monomials 
v such that \v\ = d — 2 — i. For each of these monomials, we define Af d 1 JT.X) 
as the signed maximal minor of Mj obtained by eliminating from this matrix the 
row indexed by v. By looking at the homogeneities of the columns of Mi , we easily 
get that Af^^T^X) £ KEL^M-i-i- Moreover 

Proposition 4.1 (Theorem 2.5 in |Bus09j K Each of the Af (J _ 1 _ i (T, X) is inde- 
pendent of the choice of the decomposition ()25|) modulo (P^i (T, X), Qd-2,1 (T, X)), 
and belongs to /C. 

In connection with the matrices Mj defined above, we recall here the matrix 
construction for the resultant given in |Jou97| 3.11.19.7]. For a fixed, i, 1 < i < 
d — 4, we set Mj the (d — 2) x (d — 2) square matrix, defined as follows: 




where Mj(l) is the submatrix of Mj where we have eliminated the last column, 
and the matrix Mor(i) has its rows (resp. columns )indexed by all T monomials 
of total degree d — 2 — i (resp. i), in such a way that the entry Mor(i) 3i) „/is equal 
to the coefficient of T- S- in Mor(S,T,X) defined in (gSJ). With this notation, we 
easily deduce that 

(27) F%_ 2 _ hl2 (T,X) = Y, M^if-' 

|ji'|=d-2— 

Proposition 4.2 (Proposition 3.11.19.21 in |Jou97j b 

\Mi\=£ d (X). 

To prove our main result, we will need the following technical lemma. 

Lemma 4.3. Let K be a field, n, N £ N and luo,uji, . . . ,cj„_2, ti, ...,tjv £ K n , 
such that dim(wo, . . . ,w„_2) = n — 1, and for each j = 1, . . . , N, 

dim K (u>o, Wi, ■ ■ • ,w n -2, tj) < n - 1 

(where (F) denotes the K -vector space generated by the sequence F). Then, for 
each 1 < i, j < N, we have 

dim K (wi, . . . ,w n _ 2 , r,-, Tj) < n - 1. 



1(5 



TERESA CORTADELLAS BENfTEZ AND CARLOS D'ANDREA 



Proof. Suppose that the claim is false. Then, we will have (u>x, . . . ,w„_2, T{, tj) — 
K n for some i, j and by applying Grassman's formula for computing the dimension 
of a sum of vector subspaces: 

dimK (wi, . . .,w n -2, n, tj) < dim K (lo q , ojx, . . . ,w n _ 2 , n) + dim K (u ,wi, ■ ■ ■ ,w„_ 2 , tj) 

- dim K (ojo,u>i, . . . ,(jJ n -i) < 2(n - 1) — (n — 1) = n — 1, 

a contradiction. □ 



4.3. Minimal generators. Now we are ready to present the main result of this 
section. 

Theorem 4.4. If fi = 2 and £/ie curve C /ias a/Z jis singularities having multiplicity 
2, i/ien £/ie following family of ( d + 1 K d 4 ) _|_ 5 polynomials 

{£ d , P 2 ,i(T,X), Q d - 2 ,i(T,2D, A (1, °)(T, X), A(°' 1 )(r s 2Q}|J{ A ^-i-i2:'20}i<i<«J-4,| 1 d=i-2-< 
is a minimal set of generators of /C. 

Proof. In |Bus09[ Proposition 3.2], it is shown that F U {A°'°(T,X)} is a set of 
generators of /C, and we just saw in (EM)) that we can remove A°'°(T, X) from the 
list. So we only need to prove that this family is minimal, i.e. that there are no 
superfluous combinations. Apart from £d,{X), P 2 ,i(T,X), Qd-2,i(T,2Q, n °te that 
the rest of elements in F have total degree in (T, X) equal to d — 1. The only 
generator whose total degree is lower than or equal to d — 1 is P 2 ,i(T, JQ, So, due 
to bihomogeneity of the generators, the proof will be done if we just show that 

• A( 1 '°)(T,X) y A(°'V(T,X) arc K-linearly independent modulo P 2 ,i(T,X); 

• for each i = 1, . . . , d — 4, the set {Af d _ 1 _ i (T_, 2Q}\v\=d-2-i is K-linearly 
independent modulo P 2 ,i(P,2Q- 

To prove the first claim, suppose we have Ao, Ai el such that 

\ A a ' 0) (T,X) + AiA (04) (T, 20 = mod P%,i{T,X). 
Recall also from (|24|). that we have 

r A (1 ' 0) (r,2C) - TiA (oa) (T,X) = mod P 2 ,i(T,X). 

From these two identities, we get 

(A1T0 - XoT^A^Ht.X) e (P 2 ,i(T, X)), 

i.e. A^[T,X) e (P 2;] (T, X)). But this is impossible as ([24) shows that T-j A^- 1 ) (T, X) = 
A(°'")(T, X), and the latter being an element different from zero (the "discrete ja- 
cobian" )in the quotient ring K[T, X] modulo P 2 ,i(r,207 Qd-2,i(T,X_), see for 
instance |Bus09| 2.1] So, Ao = Ai = and the claim follows. 

Choose now i such that 1 < i < d—4, and consider the family {Af d _ 1 _ i (T, 2L)}\v\=d-2-i- 
Suppose that there is a non trivial linear combination 

E ^ A ^_ 1 _ i (T,X) = mod P 2 ,i(T,X), 

\v\=d-2-i 
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with A„ G KVu. By the definition of the polynomials Af d _ 1 _ 
identity implies that the following square extended matrix 



I L\{X) 

LK20 £?(20 o 

£{(20 L\{X) L\(X) 



;(T,X), this last 



(Mil A) 



p (cJ-2- 




\d-2- 


-i,0) 


p(d-3- 
■*i,2 




\d-3- 




p (d-4- 




\d-i- 


-i,2) 



\ 







(0,d-2— i) 



(£,20 \o,d-2-») / 



is rank-deficient modulo P?. i (T, X). We claim the matrix which results by elimi- 
nating the second to the last column has maximal rank. Indeed, if this were not 
the case, by looking at the Sylvester-type structure of the matrix, and performing 
linear combinations of the columns of this rectangular matrix, we would deduce 
identity of the form 

\v\=d-2-i — ' 

with A(T,X_) G K[T,X], B{X) G K[X}. But this is impossible, since from 



BQQ\ >^vT-) =A(T,X)P 2tl (T,X) 

\v\=d-2— i 

we would deduce that P91 (T,X) is not irreducible, which is a contradiction. Hence, 
these columnas are K[X]-linearly independent. By expanding the determinant of 
the rank-deficient matrix (Mi | A) by the second to the last column, and using ([27| , 
we get 



\v'\=i 



L\{X) 

Ll(X) £?(20 
L\{X) LJ Q0 







Q 


L\{X) 



Mor(i) 3 ,/ ) ( d _ 2 _ i)0 ) \d-2-ifi) 
Mor(i)„/ ) ( d _ 3 _ i)1 ) \d-z-i,\) 

Mor(i)^/ )((J _4_ i: 2) \d-4~i,2) 



L\{X) Mor(i) 3 ,/ )(0)rf _ 2 _ i) 



A 



(0,d-2-i) 



rpV. 



so we conclude that 
L?Q0 

£100 £?(20 
£i(20 £1(20 



o 



£?(20 



Mor(i) i / )(d _ 2 _ i>0 ) 
Mor(ij i / )(d _3_ iil 
Mor(i) 3i , )(t2 _4_ i)2 



(d-2-i,0) 



) ^(d-3— i,l) 



) \d-4-i,2) 



L\{X) Mor(i) £ ',(o,« J . 



2-i) 



\0,d-2-i) 
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for all v' , \v'\ = i. Lemma 14.31 above then implies that 
(28) 

L°(A) ... Mor( l )„, (d _ 2 _, 0) Mor(i),„, (d _ 2 _ m 

L\{X) L\{X) ... Mor(i) £ , ( ,_3_ u) Mor(j)y',( rf _3-i,i) 

L\{X) LJ (2Q L?(X) ... Mor(i) £ , ( ,_ 4 _ t ,) Mor(4»,(d-4-i,2) 



... L\{X_) Mor(i) Ji / i (o,d-2-i) Mor(i)^ i(0 ^_ 2 _ 







for any pair v' , v" such that \v'\ = \v"\ = i. If we compute the determinant of 
the matrix Mj defined in (|2"B1) by Laplace expansion along the first block of rows 
(Mj(l) Mor(z)) , then due to the zero-block structure of this matrix, it is easy to see 
that the only non zero minors contributing to this Laplace expansion coming from 
this block are of the form (|2"5)l . This implies then that |Mj| = 0, which contradicts 
Proposition 14.21 Hence, there cannot be a non trivial linear combination of the 
form Yl\v\=d-2-i ^v/^-fd-i-ii— '— ) = m °d Pi 1 (T,X), and this completes the 
proof. □ 



5. Adjoints 

We now turn our attention to geometric features of elements in K,\^. Recall that 
a curve C is adjoint to C if for any point p 6 C, including "virtual points", we have 

(29) m p (C) > TOp(C) - 1. 

Here, m p (C) denotes the multiplicity of p with respect to C. Adjoint curves are 
of importance in computational algebra due to their use in the inverse of the im- 
plicitization problem, i.e. the so-called "parameterization problem" , see [SWP08 
and the references therein. For a more geometric approach to adjoints, we refer the 
reader to |CA00j . 

Definition 5.1. A pencil of adjoints of C of degree I £ N is an element TpCf{X_) + 
T-jCj(X) G K[T, X], with C\ (X) of degree I, defining a curve adjoint of C, for 
i = 0,l. 

For £ e Z>o, we denote with Adj £ (C) the K- vector space of pencils of adjoints of C 
of degree £. In Bus09, Corollary 4.10], it is shown that if C has [i — 2 and only mild 
singularities, then both K\^-i and /Ci,d-i are contained in Adj £ (C), i = d — 2, d—l 
respectively. We will show here that if C has /i = 2 and a very singular point, then 
Adj^(C) (~1 ICi g is strictly contained in K\ e if the later is not zero. We will also 
compute the dimension of these finite dimensional K- vector spaces for a generic C 
to measure the difference between them. 

Lemma 5.2. For i = k — 1, k and j = 0, 1, we have that 



F U (T,X) e (lo.Ii)- 1 \ (X , x x )\ 
Fi k (T,x),e (x ,x 1 ) k - 1 \ (X , x x ) k . 
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Proof. The operator Dt from Definition 12. 8[ when applied to a polynomial in 
(Xo, X\) , has its image in (Xo, Xi) + . From here, it is easy to deduce that 
Fi t k-i(T,2Q £ (X , X{) k - 2 . If it actually belonged to (X , X^" 1 , then it would 
not depend on X 2 . But as 

ResT(F 2 ,i(T,2Q, Fi,fc-i(r,2Q) = 

andF 2j i(T,X) does not depend on X 2 , we would then have that £d(X_) £ K[Xo,Xi], 
which is a contradiction with the irreducibility of this polynomial. The same argu- 
ment holds for Fi t k{T,2L) by noting now that 

ResT(F 2 ,i(T,X), F hk {T,X)) = £ d {X)A 2 (X), 

with A 2 (X) ^ 0. 

For the second part of the proof, we get that F( /; (T, X), € (Xo,Xi)' c ~ 1 for 
j = 0, 1 straightforwardly from the definition of these forms given in (|17[) . An 
explicit computation shows that also 

Rest(Fl k (T,X), F 2A (T,X)) = ±£ d (X) £{(X) 
with £{(X) 0, which proves that F\^{T_, X) has term which is linear hi X 2 . □ 

In the sequel, we set (^) = if a < b. For a K-graded module M and an integer 
£, we denote with Mi the £-th graded piece of M. 

Proposition 5.3. Let <f> as in ([2]) &e a proper parameterization of a curve C having 
ji = 2 and a very singular point. For I > 0, 

(1) if d = 2fc - 1, £/ien /C M = {-Fi.fc-iCT,^^ © (F hk (T,X_)) e and the K- 
dimension of this vector space is (^ ^ +3 ) + C~2 +2 )' 

(2) J/d = 2fc, then /Ci « = ^^(T,^))^ © (Fl k (T,XJ)^ its K-dimension being 
2('i+ 2 ). 

Proof. Suppose first d = 2fc — 1. From the statement of Theorem l3.4[ we have that 
K>i,t = (Fi,k-i(T,X), F 1<k (T,2Q}£. Moreover, from Lemma GO and the proof of 
Theorem 13.41 we easily deduce that 



(Fi, k -i(T,2Q, F ltk (T,X))i = (Fi, k -i(T,2L))i © {F hk {T,X))t. 

From here, the claim follows straightforwardly by computing dimensions in each of 
the subspaces involved in the last equality. The case d = 2k follows from Proposition 
(3). □ 



Theorem 5.4. Let (j) as in ^ be a proper parameterization of a curve C having 
fx = 2 and a very singular point. For any I > 0, 

• Ifd = 2k-l, then 

if£<2k-Z, 
£{£ -2k + 4) otherwise 



dim K (Ad?KC)n/C M ) < 
• If d = 2k, then 

dim K (Ad?KC)n/C M ) < 



if£<2k-2, 
£{£ — 2k + 3) otherwise 



For a generic curve C with fi — 2 and a very singular point, the equality actually 
holds. 
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Proof. Suppose d = 2k — 1 with k > 3 (otherwise there cannot be a point of 
multiplicity larger than 2), and w.l.o.g. assume that (0 : : 1) is the point of 
multiplicity d — 2 = 2k — 3. Fix I > 0, and set 

It = (x , xi) d - 3 n/c M . 

Due to ((29j) applied to p = (0 : : 1), it turns out that Adj^C) n K\j C 3f- 
Moreover, the equality holds for a generic curve with /i = 2 and (0:0:1) being 
very singular. Indeed, such a curve has all its singularities of ordinary type (i.e. 
there are no "virtual points" ) . For this class of curves it is easy to show that any 
nonzero element in 3^ is a pencil of adjoints, as we already know that (0:0:1) 
has the correct multiplicity, plus the fact that all the other singular points have 
multiplicity two thanks to Proposition l2.5l f and are ordinary due to genericity). So, 
condition (f29|) for these points is satisfied provided that the pencil vanish also at 
these points, and this follows from Proposition [2TTJ 

To compute the dimension of 3f, Proposition 15.31 and Lemma l5.2[ implies that 
the set {X^F hk -x{T,X), X^F hk {T,X)} with \a\ = £-k+l, a„+ ai > fc-2, = 
£ — k, /3q + Pi > k — 3, is a basis of 3f • If I < 2k — 3, the cardinality of this set is 
zero. Otherwise, it is equal to 

t—k+i t-k 
E0' + !)+ E (j + l)=*(*-2fc + 4). 

j=k— 2 j=k-3 

The proof for d = 2k follows mutatis mutandis the argument above. □ 

Remark 5.5. Combining the dimensions computed in Proposition \5 .3\ and Theorem 
\5.4[ we get that 

dim(^M4fe(C)n^)>{ £:$ fc _ 2) ITJ2I; 1 

with equality for £ > d — 2 and C generic in this family of curves. Note that the 
dimension of the quotient is independent of £ for £ > d — 2. 

6. What about ft > 3? 

One may wonder to what extent what we have done in this text for curves with 
[i = 2 can be extended with the same techniques for larger values of /x. We have 
worked out several examples with Macaulay 2, and the situation does not seem 
to be straightforwardly generalizable. For instance, there will be no statement 
equivalent to what we obtained in Theorems 13.41 and 13.71 for /1 > 3, where once 
you fixed the degree d of the curve with a very singular point, the bidegrees of the 
minimal generators of /C are determined by it for /1 = 2. 

Indeed, consider the two following /i-bases: 

F 3 ,i(T,X) = T§X + (Tf - T T?)X! 

Fr,i(T,X) = (T 6 r! - JgTi)X + (T 4 7f + TgT^Xt + (T 7 + T?)X 2 

F 3 ,i(T,X) = (T 3 - TgT^Xo + (7f + r T x 2 - T T^)X X 

F 7 ,i(T,X) = (T 6 r! - T$T?)X + (T$T? + T$Tf)Xi + (T 7 + T\)X 2 . 

Each of them parameterizes properly a rational plane curve of degree 10 having 
(0 : : 1) as a very singular point. However, an explicit computation of a family of 
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minimal generators of K, for the first curve gives in both cases families of cardinality 
10, but in the first one the generators appear in bidegrees 

(3,1), (7,1), (2,3), (2,3), (4,2), (2,4), (1,6), (1,6), (1,6), (0,10), 
while in the second curve, the generators have bidegrees 

(3,1), (7,1), (2,3), (2,3), (4,2), (2,4), (1,5), (1,6), (1,6), (0,10). 

Also, the family we can get from (TTT1) only detects the elements in bidegree 

(3,1), (7,1), (4,2), (0,10), 

so it will not be true anymore that for T-degrees larger than /i — 1, this set actually 
gives all the generators of K. 

All this shows that, for /i > 3, more information from the curve apart from 
(d, n) and if it has a very singular point or not, must be taken into account to get 
a precise description of the minimal generators of K,. Note also that in the case 
of mild singularities, the set of elements of K, proposed by Buse in [Bus09] do not 
generate the whole ideal, and by computing concrete examples, we find that they 
almost never neither contain nor are contained in a minimal set of generators of /C. 
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